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Abstract
We study positive maps of B(K) into B(H) for finite-dimensional Hilbert spaces K and H. Our main
emphasis is on how Choi matrices and estimates of their norms with respect to mapping cones reflect various
properties of the maps. Special attention will be given to entanglement properties and k-positive maps.
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1. Introduction
Positive maps between matrix algebras have been studied in quantum information theory for
at least fifteen years and in operator algebras since the 1950s. In the study several positivity
conditions have been introduced, especially completely positive maps and k-positive maps have
been of importance. Positive maps are completely characterized by their Choi matrices, which
are also recognized as entanglement witnesses for states. The Choi matrix for a positive map is
self-adjoint, hence is the orthogonal difference of two positive matrices, which implies that each
positive map is a difference of two completely positive maps, its negative and its positive part.
In the paper we shall see that the negative part contains important information.
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pletely positive map and Tr is the usual trace. We shall give a characterization of such a map
to be so-called C-positive, where C stands for an arbitrary mapping cone. In the particular case
when C is equal to the set of k-positive maps and ψ = AdV , we recover a recent result of Chrus´-
cin´ski and Kossakowski [3], thus putting it in a more general framework. Furthermore, we relate
C-positivity of maps to the properties of the support of the negative part of their Choi matrices.
We also obtain examples of C-positive maps for which the negative part of their Choi matrices
possess strong entanglement properties. From this we obtain a simple proof of a result of Terhal
[17] on nondecomposable positive maps obtained from nonextendible product bases.
2. Norms and positivity conditions
We denote by B(H) the algebra of bounded operators on a Hilbert space H. Throughout
the paper all Hilbert spaces will be finite-dimensional, so of the form Cd , d the dimension of H.
Let K be another Hilbert space. Then we denote by B(B(K),B(H)) (resp. B(B(K),B(H))+) the
linear (resp. positive linear) maps of B(K) into B(H). Here positive means that positive operators
are mapped to positive operators. A map φ is called k-positive if φ ⊗ idMk(C), considered as a
map in B(B(K ⊗ Ck),B(H ⊗ Ck)) is positive, and completely positive if it is k-positive for all
k  1. In the latter case φ is a sum of maps of the form AdV , which sends x → V xV ∗, where
V : K → H, with V linear [2,10]. If φ = ∑i AdVi , where the rank rkVi  k for all i, then
φ is called k-superpositive, in particular if k = 1, then φ is superpositive [1], or entanglement
breaking [5].
Let P(H) := B(B(H),B(H))+. A closed cone C in P(H) is called a mapping cone [14] if
α ◦φ ◦β ∈ C whenever α,β ∈ CP(H)—the completely positive maps in P(H). Equivalently, by
the above decomposition of completely positive maps, φ ∈ C iff AdU ◦φ ◦AdV ∈ C for all U,V ∈
B(H). We shall denote the set of k-positive maps in P(H) by Pk(H), or just Pk when the context
is clear. Superpositive maps in P(H) will be denoted with SP(H) and k-superpositive maps by
SPk(K). It is a simple exercise to check that the cones P(H), Pk(H), CP(H), SPk(H), SP(H)
of positive, k-positive, completely positive, k-superpositive and superpositive maps (resp.), are
examples of mapping cones. They are also symmetric mapping cones, i.e. φ ∈ C implies that the
maps t ◦φ ◦ t with t the transpose operation and φ∗, defined by Tr(φ(a)b) = Tr(aφ∗(b)), belong
to C. If C is a mapping cone in P(H) then one of us (E.S., [14]) introduced a positivity property
for maps in B(B(K),B(H))+ called C-positivity. It was shown in [16] that if C is symmetric,
then the cone of C-positive maps, denoted by PC in the sequel, are the maps in the closed cone
in B(B(K),B(H))+ generated by maps of the form α ◦ ψ , where α ∈ C, and ψ is a completely
positive map of B(K) into B(H). In particular, if H = K, PC = C. It follows that φ ∈ P(H)
belongs to PPk iff φ ∈ Pk , and φ ∈ PSPk iff φ ∈ SPk .
Let (eij ) be a complete set of matrix units for B(K). Then there is a one-to-one correspon-
dence between maps φ ∈ B(B(K),B(H)) and operators in B(K ⊗ H) (= B(K) ⊗ B(H)), given
by φ → Cφ =∑i,j eij ⊗ φ(eij ). The operator Cφ is called the Choi matrix for φ [2], and the
map J : φ → Cφ is sometimes called the Jamiołkowski–Choi isomorphism [6]. It was shown by
Choi that φ is completely positive iff Cφ is a positive matrix. More generally, φ is k-positive iff
Cφ is k-block positive (cf. [13]). In particular, φ is positive iff Tr(Cφa ⊗ b) 0 for all positive
a ∈ B(K), b ∈ B(H).
Given a cone C in B(B(K),B(H))+, one defines its dual cone C◦ by the formula
C◦ = {ψ ∈ B(B(K),B(H)) ∣∣ Tr(CφCψ) 0 ∀φ∈C
}
. (1)
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SC :=
{
ρ ∈ B(K ⊗ H)∗ ∣∣ ρ = Tr(Cψ · ), Tr(Cψ) = 1, ψ ∈ P◦C
}
. (2)
For example, SP denotes the set of separable states on B(K ⊗ H). We can now define a norm on
B(K ⊗ H) by
‖A‖SC := sup
ρ∈SC
∣∣ρ(A)
∣∣. (3)
There is a corresponding norm on B(B(K),B(H)), defined by
‖ψ‖C = sup
φ∈J−1(SC)
∣∣Tr(CφCψ)
∣∣= ‖Cψ‖SC , (4)
where we identify a linear functional with its density operator. A norm denoted by ‖ · ‖C was
also considered in [9], but its definition involved a supremum over φ ∈ J−1(SC◦) instead of
φ ∈ J−1(SC). In the following, we shall be using the definition given above (Eq. (4)). The norm
properties ‖λψ‖C = |λ|‖ψ‖C and ‖φ + ψ‖C  ‖φ‖C + ‖ψ‖C are immediate from definition.
To show that ‖ψ‖C = 0 implies ψ = 0, note that by [14, Lemma 2.4] each mapping cone contains
the superpositive maps. Since the composition of a superpositive map and a positive map is
completely positive, the superpositive maps of B(K) into B(H) belong to the dual cone P◦C
of PC by [15, Thm. 1]. Thus SC contains all states with density operators corresponding to maps
in SP . Since these states form a separating family of states, Cψ = 0. Hence ψ = 0.
Note that for C = Pk , k = 1, . . . , d , d = dim H and A positive semidefinite, the norm ‖A‖SC
reduces to the Schmidt norm ‖A‖S(k) introduced by Johnston and Kribs [8].
If φ is a positive map of B(K) into B(H), then Cφ is a self-adjoint operator in B(K ⊗ H),
hence is a difference Cφ = C+φ −C−φ of two positive operators C+φ and C−φ such that C+φ C−φ = 0.
Let φ+ = J−1(C+φ ), φ− = J−1(C−φ ). Since C+φ and C−φ are positive, φ+ and φ− are completely
positive by the Choi theorem [2].
Proposition 1. Let φ belong to a mapping cone C ⊃ CP(H). With the above notation
‖φ+‖C  ‖φ−‖C (5)
or equivalently, ‖C+φ ‖SC  ‖C−φ ‖SC .
Proof. If ψ ∈ J−1(SC) ⊂ P◦C = C◦, we have
0 Tr(CφCψ) = Tr
(
C+φ Cψ
)− Tr(C−φ Cψ
)
. (6)
Thus
∥∥φ+
∥∥C − sup
ψ∈J−1(SC)
Tr
(
C−φ Cψ
)
 0. (7)
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∥∥φ+
∥∥C  sup
ψ∈J−1(SC)
∣∣Tr
(
C−φ Cψ
)∣∣= ∥∥φ−∥∥C . (8)
Since ‖C+φ ‖SC = ‖φ+‖C , and the same for φ− and C−φ the proof is complete. 
Let us now consider maps φλ of the form φλ(a) = Tr(a)1− λφ(a), a ∈ B(K), where φ is a
completely positive map of B(K) into B(H), and λ ∈ [0,+∞). For notational convenience we
identify a linear functional ω on B(K) with the map a → ω(a)1, where 1 is the identity in B(H).
Thus we shall write φλ = Tr−λφ.
Proposition 2. Let C be a mapping cone on H such that CP(H) ⊂ C. Let φλ = Tr−λφ as above.
Then φλ is C-positive iff
‖φ‖C  1
λ
. (9)
Proof. Since P◦◦C = PC (see e.g. [15, Thm. 6]), φλ is C-positive iff Tr(CφλCψ)  0 ∀ψ∈P◦C ,
iff Tr(CφλCψ)  0 ∀ψ∈J−1(SC), hence iff infψ∈J−1(SC) Tr(CφλCψ)  0. Now CTr =
∑
i,j eij ⊗
Tr(eij ) =∑i eii ⊗ 1= 1. Thus φ is C-positive iff
0 inf
ψ∈J−1(SC)
Tr(CφλCψ) = inf
ψ∈J−1(SC)
Tr
(
(1− λCφ)Cψ
)
= 1 − λ sup
ψ∈J−1(SC)
Tr(CφCψ) = 1 − λ‖φ‖C, (10)
iff ‖φ‖C  1/λ. The last equality in (10) follows because J−1(SC) ⊂ CP(H) and Tr(CφCψ) 0
as a consequence of the inclusion CP(H) ⊂ C. 
In particular, if we apply the proposition to the cone of k-positive maps PPk and use the fact
that ‖Cφ‖S(k) = ‖φ‖Pk , we get the following result by Johnston and Kribs [8].
Corollary 1. The map φλ = Tr−λφ, φ ∈ CP , is k-positive iff
‖Cφ‖S(k)  1
λ
. (11)
With the proper identification of norms, Proposition 2 is a generalization of a characterization
of Chrus´cin´ski and Kossakowski [3] of k-positivity in terms of Ky Fan norms. We first prove a
lemma. Note that for a vector υ , |υ〉〈υ| denotes the rank one operator ‖υ‖2pυ , where pυ is the
one-dimensional projection onto Cυ .
Lemma 1. Let V =∑i,j Vij eij ∈ B(H), υ =
∑
i,j Vij ej ⊗ ei ∈ H ⊗ H, where eij ek = δjkei for
an orthonormal basis e1, . . . , ed for H. Then we have:
(i) CAdV = |υ〉〈υ|;
(ii) ‖CAd ‖HS = Tr(CAd ) = ‖υ‖2 = ‖V ‖2 ;V V HS
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Tr(CAdV CAdW ) =
∣∣〈υ,ω〉∣∣2 = ∣∣〈V,W 〉HS
∣∣2, (12)
where ω is an analogue of υ for W .
Proof. By the definition of Cφ , we have
CAdV =
∑
i,j
eij ⊗ V eijV ∗ =
∑
i,j,m,n
VmiVnj eij ⊗ emn
=
∑
i,j,m,n
VmiVnj |ei ⊗ em〉〈ej ⊗ en| = |υ〉〈υ|. (13)
This proves (i). To show (ii), note that by (i)
‖CAdV ‖2HS = Tr
(
C2AdV
)= ‖υ‖2 Tr(|υ〉〈υ|)= ‖υ‖4 = Tr(CAdV )2. (14)
Since furthermore ‖υ‖2 =∑i,j VijVij = ‖V ‖2HS, (ii) follows. By (i)
Tr(CAdV CAdW ) = Tr
(|υ〉〈υ||ω〉〈ω|)= ∣∣〈υ,ω〉∣∣2 =
∣∣∣∣
∑
i,j
VijWij
∣∣∣∣
2
= ∣∣〈V,W 〉HS
∣∣2, (15)
which proves (iii). 
It turns out [3,8] that the Schmidt operator norms for maps of the form AdV can be effectively
calculated in terms of the so-called Ky Fan norms.
Definition 1. Let V be an element of B(H), dim H = d . For k ∈ {1,2, . . . , d}, define the norm of
‖ · ‖(k) by
‖V ‖2(k) =
k∑
i=1
σ 2i , (16)
where σ 2i is the i-th greatest eigenvalue of VV
∗
. Then ‖ · ‖2
(k)
is the k-th Ky Fan norm of VV ∗.
Another way to define the norm ‖ · ‖(k) follows from the next proposition.
Proposition 3. Take V ∈ B(H). Then
‖V ‖2(k) = sup
rkF=k
Tr
(
FVV ∗
)
, (17)
where F runs over projections of dimension k.
Proof. Can be found in [3] or in [8]. 
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‖V ‖2(k) = sup
{
Tr(CAdV CAdW)
∣∣ rkW  k, Tr(CAdW) = 1
}
= sup
ψ∈J−1(SPk )
Tr(CAdV Cψ) = ‖AdV ‖Pk . (18)
Proof. The last equality in (18) simply follows from the definition of the norm ‖.‖C , whereas
the penultimate is a consequence of the fact that J−1(SPk ) = convhull{AdW | rkW  k,
Tr(CAdW) = 1}. In the remaining equality in (18), we first show “”. Let W be as in (18).
Since W is of rank  k, its range projection E has dimension  k, and W = EW . We thus have
by Lemma 1, Proposition 3 and the Cauchy–Schwarz inequality
Tr(CAdV CAdW ) =
∣∣〈V,W 〉HS
∣∣2 = ∣∣Tr(VW ∗)∣∣2 = ∣∣Tr(VW ∗E)∣∣2  Tr(EV (EV )∗)Tr(WW ∗)
= Tr(EVV ∗)‖W‖2HS  sup
rkFk
Tr
(
FVV ∗
) · 1 = ‖V ‖2(k). (19)
Now we prove “”. Since H is finite-dimensional, by compactness we can find a projection E of
dimension  k such that ‖V ‖2(k) = suprkFk Tr(FV V ∗) = Tr(EV V ∗). Take W = EV/‖V ‖(k).
Then rkW  k, and
‖W‖2HS =
Tr(EV (EV )∗)
‖V ‖2(k)
= Tr(EV V
∗)
‖V ‖2(k)
= 1. (20)
In particular, 1 = Tr(WV ∗)/‖V ‖(k) = Tr(VW ∗)/‖V ‖(k). By Lemma 1(ii), Tr(CAdW ) = 1. Fur-
thermore,
‖V ‖2(k) = Tr
(
EVV ∗
)= ‖V ‖(k) Tr
(
VW ∗
)= ‖V ‖(k) Tr
(
VW ∗
) · 1
= ‖V ‖(k) Tr
(
VW ∗
)Tr(WV ∗)
‖V ‖(k) =
∣∣Tr
(
VW ∗
)∣∣2 = ∣∣〈V,W 〉HS
∣∣2
= Tr(CAdV CAdW ). (21)
Thus the sup is attained and we have the asserted equality. 
As an immediate corollary of Theorem 1, we get the result by Chrus´cin´ski and Kos-
sakowski [3].
Corollary 2. Let V be an element of B(H). The map Tr−λAdV is k-positive if and only if
‖V ‖2(k) 
1
λ
. (22)
Proof. An immediate consequence of Proposition 2 and Theorem 1. 
In the special case k = d = dim H, we have ‖V ‖2HS = ‖V ‖2(d). Since a map φ is d-positive iff
φ is completely positive, we get:
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‖V ‖2HS 
1
λ
. (23)
3. Completely and C-entangled subspaces
It turns out that if φ is a positive map then the negative part C−φ of the Choi matrix Cφ of φ
contains much interesting information. We shall study this observation in the present section.
Definition 2. Let C be a mapping cone on H, CP(H) ⊂ C and let K be another Hilbert space. As
before,
SC =
{
ρ ∈ B(K ⊗ H)∗ ∣∣ ρ = Tr(Cψ · ) is a state, ψ ∈ P◦C
} (24)
and PC denotes the set of C-positive maps B(K) → B(H). We say a state ω on B(K ⊗ H) is
C-entangled if ω /∈ SC .
Note that if C = P(H) then ω is C-entangled iff ω is entangled since SP(H) is the set of
separable states. We can now state the main result of this section. Note that the projection e in
the theorem will be the support projection for C−φ , or equivalently, the range projection of C−φ .
Theorem 2. Let e be a projection in B(K ⊗ H) and C a mapping cone on H with CP(H) ⊂ C.
Then each state ω on B(K ⊗ H) with support in e is C-entangled iff there exists a C-positive map
φ : B(K) → B(H) with support C−φ = e.
Proof. Suppose suppC−φ = e. If ω is a state with suppω e then
ω(Cφ) = ω(eCφe) = −ω
(
C−φ
)
< 0. (25)
Thus if ω = Tr(Cψ · ), then Cψ /∈ P◦C , hence ω is C-entangled. To show the converse, let
μ = supρ∈SC ρ(e). We claim that μ < 1. Indeed, 1 = ‖e‖ = sup{Tr(eh) | 0 h 1, Tr(h) = 1}.
Now Tr(eh) = Tr(h) = 1 iff h  e. Thus the state Tr(h · ) is by assumption C-entangled, hence
Tr(h · ) /∈ SC . Thus Tr(eCψ) < 1 for all states Tr(Cψ · ) ∈ SC . By compactness of SC and continu-
ity of the maps ψ → Tr(eCψ), μ < 1, as claimed. Let λ = 1/μ, and φ be defined by Cφ = 1−λe.
If Tr(Cψ · ) ∈ SC , then
Tr(CφCψ) = 1 − λTr(eCψ) 1 − λμ = 0. (26)
Thus φ ∈ P◦◦C . By Theorem 6 in [15], P◦◦C = PC , so φ is C-positive. Since Cφ = (1 − e) −
(λ − 1)e, C+φ = 1− e, C−φ = (λ − 1)e, which has support e. 
As an immediate corollary we have
Corollary 4. If φ : B(K) → B(H) is C-positive with C as in Theorem 2, then every state with
support in the support of C− is C-entangled.φ
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ω with support in e is entangled. In the special case when C = P(K), we get:
Corollary 5. Let e be a projection in B(K ⊗ H). Then e is completely entangled iff there exists a
positive map φ : B(K) → B(H) such that suppC−φ = e.
It is natural to ask what limits on the dimension of the support of C−φ are implied by the fact
that φ belongs to a mapping cone C. For the cones of k-positive maps, the question has received
some attention in the past [18,7]. Another estimate follows from Theorem 2 and the results of [4].
Corollary 6. Let φ : B(K) → B(H) be k-positive, k ∈ {1,2, . . . , d − 1}, d  min(dim K,H).
Then dim suppC−φ  (m − k)(n − k), where m = dim K, n = dim H.
Proof. Since P◦k = SPk the vectors in the support of C−φ have Schmidt rank  k + 1 (since SPk
consists of states with density operators in SPk). Then by a result of [4, Thm. 11], this means
that
dim suppC−φ 
(
m − (k + 1) + 1)(n − (k + 1) + 1)= (m − k)(n − k).  (27)
Note that the same estimate was earlier obtained in [12, Prop. 2].
We conclude by applying Theorem 2 to a class of maps very close to maps studied by Terhal
[17], known to be indecomposable, i.e. not a sum of a completely positive map and a completely
co-positive map. Let K and H be finite-dimensional Hilbert spaces. An orthonormal family of
product vectors ξi ⊗ ηi in K ⊗ H is called an unextendible product basis if the orthogonal com-
plement of the span of the ξi ⊗ ηi contains no product vector.
Theorem 3. Let {ξi ⊗ηi} be an unextendible product basis for K⊗H, and let X denote their span
in K ⊗ H. Let e be the orthogonal projection onto the orthogonal complement of X . Then there
exists λ > 1 such that the map φ with Cφ = 1−λe is a nondecomposable map in B(B(K),B(H)).
Proof. Applying Theorem 2 and its proof to the mapping cone P(H) we see that there exists
λ > 1 such that the map φ with Cφ = 1−λe is positive. The projection e is given by the formula
e = 1⊗ 1−
∑
i
pξi ⊗ pηi , (28)
where pψ is the projection on the 1-dimensional subspace spanned by ψ .
If f,g,p, q are projections, f,g ∈ B(K), p,q ∈ B(H) such that f ⊗ p⊥g ⊗ q then f ⊗
pt⊥g ⊗ qt , where pt is the transpose of p. Indeed
Tr⊗Tr((f ⊗ pt)(g ⊗ qt))= Tr⊗Tr(fg ⊗ ptqt)= Tr(fg)Tr(ptqt)
= Tr(fg)Tr(pq) = Tr⊗Tr((f ⊗ p)(g ⊗ q))= 0. (29)
Thus id⊗ t (e) is a projection, hence id⊗ ψ(e) 0 for all completely positive and all completely
co-positive maps ψ ∈ B(B(K),B(H)), and thus for all decomposable maps.
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id⊗ ψ(p). Then we have for the trace on B(K ⊗ H),
Tr
(
p id⊗ φ∗(e))= Tr(id⊗ φ(p)e)= Tr(Cφe) = Tr(e − λe) = (1 − λ)Tr(e) < 0. (30)
Thus id⊗ φ∗(e) is not positive, so φ∗ is nondecomposable, hence so is φ. 
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